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Abstract
We consider the behaviour of the terminal sequence of an accessible endofunctor T
on a locally presentable category K. The preservation of monics by T is suﬃcient
to imply convergence, necessarily to a terminal coalgebra. We can say much more
if K is Set, and κ is ω. In that case it is well known that we do not necessarily get
convergence at ω, however we show that to ensure convergence we don’t need to go
to a higher cardinal, just to the next limit ordinal, ω + ω.
For an ω-accessible endofunctor T on Set the construction of the terminal coal-
gebra can thus be seen as a two stage construction, with each stage being ﬁnitary.
The ﬁrst stage obtains the Cauchy completion of the initial T -algebra as the ω-th
object in the terminal sequence Aω. In the second stage this object is pruned to
get the ﬁnal coalgebra Aω+ω. We give an example where Aω is the solution of the
corresponding domain equation in the category of complete ultra-metric spaces.
1 Introduction
The terminal coalgebra theorems of Aczel and Mendler [2], and Barr [5], guar-
antee the existence of terminal coalgebras for accessible endofunctors on Set,
but they do not yield concrete representations of the terminal coalgebras. The
former obtain a terminal coalgebra as a quotient of a coproduct of a set of
coalgebras, whilst the latter uses the special adjoint functor theorem, whose
proof also involves a quotient of a sum construction. Moss [11] says that
Ever since people looked at ﬁnal coalgebras as models of intensional phenom-
ena, there was a question of getting representations of the ﬁnal coalgebras
in terms of some sort of entities that served as approximations.
Work on this problem includes [10], in which a domain for approximating
hereditarily ﬁnite non-well-founded sets is obtained, and [11], where elements
of terminal coalgebras are approximated by formulas of a coalgebraic logic.
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The approach we take is that of Ada´mek and Koubek (also by Barr in
another paper [6]). One considers an endofunctor T on a category C with
limits of ordinal indexed diagrams, and deﬁnes the terminal sequence of T :
an ordinal indexed sequence (Aα)α of objects of C, with arrows fαβ : Aα → Aβ
for β ≤ α. Brieﬂy this is deﬁned by Aα+1 = T (Aα), and Aλ = Limα<λAα,
for λ a limit ordinal; fuller details are given in the next section. It is shown
in [6] that if this sequence stabilizes at some α, in the sense that fα+1α is an
isomorphism, then (Aα, (f
α+1
α )
−1) is a terminal T -coalgebra. This generalises
the iterative construction of the greatest ﬁxed point of a monotone function
f , on a complete lattice L, as the stabilizing value of the ordinal indexed
sequence (aα)α, where aα = β<αf(aβ). On the other hand the theorems of
[2,5] generalize the construction of the greatest ﬁxed point of f as the join of
all post-ﬁxed points.
Barr’s terminal coalgebra theorem, though stated for set functors, is not
speciﬁc to Set. For an endofunctor T on a locally presentable category, ac-
cessibility of T is a suﬃcient and, as [13] argues, quite a natural requirement
for T to have a terminal coalgebra. Thus we are led to study the terminal
sequences of accessible endofunctors on locally presentable categories.
A good proportion of the literature deals with coalgebras of ω-continuous
endofunctors; for such functors the terminal sequence stabilizes at ω giving
a terminal coalgebra. There are however endofunctors on Set which are ω-
accessible, or ﬁnitary, so have a terminal coalgebra, but whose terminal se-
quences do not stabilize at ω; one example is ℘, the ﬁnite power-set functor
[15,3].
Ada´mek and Koubek, who consider functors on Set, show that the mere
existence of a terminal coalgebra is suﬃcient to ensure convergence of the ter-
minal sequence. They do not in general give bounds for convergence, although
in the case of ℘ they show convergence at ω1 – the ﬁrst uncountable cardinal.
Our results are more closely related to another result in that paper; that, for
a regular cardinal α, if a functor has a ﬁxed point of cardinality α, and a
ﬁxed point with size the next cardinal after α, then the projection fα+1α in the
terminal sequence is injective.
The main point we wish to make is that for ﬁnitary (ω-accessible) end-
ofunctors on Set the construction of the terminal coalgebra via the terminal
sequence is a two stage process, each of which is ﬁnitary. More precisely, the
terminal sequence stabilizes at ω+ ω. The ﬁrst stage of this construction can
be seen as taking a Cauchy completion of the initial algebra, whilst the next
stage can be seen as pruning this to obtain the terminal coalgebra. We give
a couple of examples to support these intuitions, in particular we consider a
ﬁnitary set functor, used for modelling probabilistic non-determinism, and a
closely related functor on the category of complete ultra-metric spaces. The
ω-th object in the terminal sequence of the Set functor is shown to be the
unique ﬁxed point of the metric functor.
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The bound on the convergence of the terminal sequence of a ﬁnitary set
functor relies on the fact that injectives with non-empty domain are split
monic in Set. It does not generalise to locally presentable categories, in fact
it doesn’t even appear to apply to those accessible set functors which are not
ω-accessible. However, we do prove that if T is an accessible endofunctor on
a locally presentable category, and if T preserves monics, then the terminal
T -sequence converges.
2 Preliminaries
In this section we construct the terminal sequence of an endofunctor, and go on
to recall the deﬁnition of a locally presentable category. The former is deﬁned
in [6], whilst [4] is our reference for local presentability and accessibility.
2.1 Terminal Sequences
Let C be a category with all limits of ordinal indexed diagrams, and T an
endofunctor on C. The terminal sequence of T is a ordinal indexed sequence
of objects (Aα)α, together with arrows (f
β
γ : Aβ → Aγ)γ≤β, such that for all β
and δ ≤ γ ≤ β:
• TS-1 Aβ+1 = T (Aβ),
• TS-2 fβ+1γ+1 = T (f
β
γ ),
• TS-3 fββ = id,
• TS-4 fβδ = f
γ
δ · fβγ ,
• TS-5 If β is a limit ordinal, the cone (fβγ : Aβ → Aγ)γ≤β is a limit.
Let α be an ordinal, and suppose that we have deﬁned Aβ and f
β
γ : Aβ →
Aγ for all γ ≤ β < α, satisfying the conditions above. We have to construct
the object Aα and morphisms f
α
β : Aα → Aβ, for β ≤ α, such that [TS-1] to
[TS-5] all hold for δ ≤ γ ≤ β ≤ α. There are three cases.
α is a limit ordinal: we deﬁne (fαβ : Aα → Aβ)β≤α to be the obvious limit,
and we set fαα = id. It can readily be seen that the conditions [TS-1] to [TS-5]
all still hold.
α = β + 1, where β is a limit ordinal: we deﬁne Aα = T (Aβ). Aβ is
the limit of the Aγ, for γ < β, so we can deﬁne f
α
β by giving the composites
fβγ · fαβ , for γ < β, and proving that they form a cone over the Aγ . We deﬁne
fβγ · fαβ = fγ+1γ · T (fβγ ); this does indeed deﬁne a cone over the Aγ since
f γδ · fγ+1γ · T (fβγ ) = f γ+1δ · T (fβγ ) = f δ+1δ · fγ+1δ+1 · T (fβγ )
= f δ+1δ · T (fγδ ) · T (fβγ ) = f δ+1δ · T (fβδ )
For γ < β we set fαγ = f
β
γ · fαβ . The requisite conditions are all immediate
apart from [TS-2] which follows from
fβ+1γ+1 = f
α
γ+1 = f
β
γ+1 · fαβ = fγ+2γ+1 · T (fβγ+1) = T (f γ+1γ · fβγ+1) = T (fβγ )
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α = β + 2 for some β: Set fαα = id, and f
α
β+1 = T (f
β+1
β ). For γ < β + 1,
we set fαγ = f
β+1
γ · fαβ+1. The conditions [TS-1] to [TS-4] hold by deﬁnition
and no new case of [TS-5] is created.
2.2 Accessibility and Local Presentability
Let f be a monotone function on a complete lattice L; the proof of the con-
vergence of the sequence aα = β<αf(aβ) depends on the fact that L is a
set. This behaviour does not generalize without caveat to terminal sequences
of endofunctors, in particular the terminal sequence of the power-set functor
on Set will never stabilize, since that would contradict Cantor’s theorem. In
seeking an analogous result for endofunctors on Set we have to take account
of the fact that Set is a large category, this is where accessibility and local
presentability come in. The concepts of ﬁltered colimit, presentable object,
locally presentable category and accessible functor, below, are motivated re-
spectively by the deﬁnitions of directed join, compact element (of a partial
order), algebraic lattice and continuous function between partial orders.
Deﬁnition 2.1 Let κ be an inﬁnite regular cardinal. Then a small category
I is κ-ﬁltered if for any category J of cardinality less than κ, any diagram
D : J → I has a cocone over it. A colimit is κ-ﬁltered when it is a colimit of
a diagram whose domain is κ-ﬁltered.
Deﬁnition 2.2 An object K of a category K is κ-presentable if the functor
Hom(K,−) : K → Set preserves κ-ﬁltered colimits. We say that K is locally
κ-presentable if it is cocomplete and there is a set A of κ-presentable objects
such that every object is a κ-ﬁltered colimit of objects from A. Finally K is
locally presentable if it is locally κ-presentable for some κ.
Deﬁnition 2.3 Let K and L be locally κ-presentable categories. A functor
T : K → L is κ-accessible if it preserves κ-ﬁltered colimits. We say T is
accessible if it is κ-accessible for some κ.
It follows easily that in a locally κ-presentable category K there is, up-to
isomorphism, only a set of κ-presentable objects. We will denote any set of
representatives of all κ-presentable objects by PresκK.
In Set the ω-presentable (or ﬁnitely presentable) objects are precisely the
ﬁnite sets, and the category is locally ﬁnitely presentable since every set is
union of the ﬁltered diagram of all its ﬁnite subsets. The ω-accessible (or
ﬁnitary) endofunctors on Set are those that are completely determined by
their behaviour on the ﬁnite cardinals.
3 Convergence on Locally Presentable Categories
In this section we show that if T is an accessible endofunctor on a locally
presentable category K, and if T preserves monics, then its terminal sequence
{Aα, fαβ } converges. The ﬁrst step is to prove that for some cardinal λ we
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have that fλ+1λ is monic. The proof of this works around the same idea as [3,
Thm 5], but via an embedding of locally presentable categories into categories
of relational structures.
To motivate the general development we give the following example, ﬁrst
noted in [3].
Example 3.1 Consider the terminal sequence {Aα, fαβ } for the ﬁnite power-
set functor ℘. It is shown in [3] that fω+1ω is not an isomorphism, however it
is easily seen to be injective. Let S = {d1, ..., dl} ⊆ Aω, T = {e1, ..., em} ⊆ Aω
and suppose fω+1ω (S) = f
ω+1
ω (T ); then ℘(f
ω
n )(S) = f
ω+1
n+1 (S) = f
ω
n+1 f
ω+1
ω (S) =
fωn+1 f
ω+1
ω (T ) = f
ω+1
n+1 (T ) = ℘(f
ω
n )(T ) for all n < ω. Now pick di ∈ S, since
T is ﬁnite there exists ej ∈ T such that fωn (di) = fωn (ej) for inﬁnitely many
n; thus di = ej. This proves that S ⊆ T and the the converse follows by
symmetry.
Proceeding now to the general theory we recall a standard embedding of locally
presentable categories in categories of relational structures. Let S be a set
of sorts, and Σ a ﬁnitary S-sorted relational signature, more concisely an
S∗-sorted set. The category Rel(Σ) has objects: relational Σ-structures A,
consisting of an underlying S-sorted set |A| = (As)s∈S and, for each σ ∈
Σs1,...,sn, a relation σA ⊆ As1× ...×Asn . A morphism f : A→ B is an S-sorted
function from |A| to |B| preserving the relations, i.e. such that (x1, ..., xn) ∈ σA
implies (fs1(x1), ..., fsn(xn)) ∈ σB for each σ of arity [s1, ..., sn].
Rel(Σ) is locally ﬁnitely presentable, and a structure A is κ-presentable iﬀ
Σs∈S cardAs < κ. It is a standard result [4] that for any κ-presentable category
K, there is a signature (S,Σ), and a κ-ﬁltered colimit preserving embedding
of K as a reﬂective subcategory of Rel(Σ).
Proposition 3.2 Let T : K → L be a κ-accessible functor between locally κ-
presentable categories. Suppose also that T preserves monics, then there exists
a regular cardinal λ such that whenever {Aα, fαβ }β≤α≤λ is a λ-chain in K with
limit object Aλ, then the obvious map g : T (Aλ)→ Limα<λT (Aα) is monic.
Proof. The set PresκL of κ-presentable objects of L is a generator, so the
proposition holds iﬀ it holds for the κ-accessible functor Hom(K,−) · T for
each K ∈ PresκL. We may therefore assume that L above is Set.
Let the functor I embed K as a reﬂective subcategory of the locally ﬁnitely
presentable category Rel(Σ) for some signature Σ. For each regular cardinal
µ ≥ ω every µ-small 2 colimit of ﬁnitely presentable objects is µ-presentable
in Rel(Σ); also every locally presentable category is co-wellpowered. We may
then assume that there is a regular cardinal λ such that the image under I of
the strong quotient of a κ-presentable object of K is λ-presentable in Rel(Σ).
Suppose then that {Aα, fαβ }β≤α≤λ denotes a λ-chain with limit object Aλ
as above. Let πα : Limβ<λT (Aβ) → T (Aα) be limit projections. Finally let
x, y ∈ T (Aλ) be such that g(x) = g(y) with g : T (Aλ) → Limβ<λT (Aβ) the
2 A category is µ-small if it has fewer than µ morphisms
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unique map such that πα · g = T (fλα) for all α < λ.
Aλ is a κ-ﬁltered colimit of κ-presentable objects. Let (inj : Kj → Aλ)j∈J
be the colimiting cocone; we can factor each arrow inj as a strong epimorphism
ej : Kj → K ′j followed by a monomorphism mj : K ′j → Aλ. From the
fact that ej is strong, for each arrow Kj1 → Kj2 we get a corresponding
arrow K ′j1 → K ′j2, and Aλ is the colimit of the resulting diagram, with cocone
(mj : K
′
j → Aλ)j∈J .
From the construction of ﬁltered colimits in Set we see that there exists
j ∈ J such that x, y are in the image of the function T (mj). Limits in Rel(Σ)
are inherited from Set, in particular limits of λ-chains. Since λ is regular and
I(K ′j) is λ-presentable in Rel(Σ) – i.e. has cardinality less than λ – we see
that there exists α < λ such that I(fλα) · I(mj) is monic in Rel(Σ). It follows
that fλα ·mj is monic in K, whence T (fλα) · T (mj) = πα · g · T (mj) is injective.
From this we conclude that x = y, and hence g is injective. ✷
Corollary 3.3 If T is an accessible endofunctor on a locally presentable cat-
egory, and if T preserves monics, then the terminal T -sequence {Aα, fαβ } con-
verges, necessarily to a terminal T -coalgebra.
Proof. By the proposition above there exists a regular cardinal λ such that
fλ+1λ is monic. It is easy to see that now f
α
λ is monic for all α > λ, hence the
result follows by the fact that locally presentable categories are well-powered.✷
For a given locally presentable category K we may be able to prove the
appropriate instance of proposition 3.2 directly, without ﬁrst passing to Rel(Σ).
The advantage of this is that we get a bound on the cardinal λ in the statement
of the result. For instance in the case of Set one proves that for κ-accessible T
one may take λ to be κ. If, on the other hand, K is the ω1-accessible category
ω − Cpo of ω-cpos and continuous maps, one has that for κ-accessible T ,
preserving monics, one may take λ to be max{κ, ω1}. This is because an ω-
cpo is κ-presentable, for κ ≥ ω1, iﬀ its underlying set of elements has cardinal
less than κ.
4 Convergence on Set
From now on we concentrate on the terminal sequence {Aα, fαβ } of an ω-
accessible functor T on Set. We show that it converges in at most ω + ω
steps.
Without loss of generality we assume that T (X) = ∅ for some set X, i.e.
that T is not the constant ∅ functor. With this assumption we know that
there is at least one T -coalgebra, and since this coalgebra can be extended to
a cone over the terminal T -sequence (see below), it follows that Aα = ∅ for all
α.
We have already seen that fω+1ω is injective, indeed it is split monic since
injectives with non-empty domain are split monics in Set. Thus for all n <
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ω we have that fω+n+1ω+n is injective, however an ω-accessible functor on Set
doesn’t necessarily preserve limits of “decreasing” ω-chains in Set. Consider
the functor sending a non-empty set X to X + 1, and ∅ to itself, and the
ω-chain (Xn)n<ω where Xn = {m ∈ ω | m > n} and Xn+1 ⊆ Xn. Nevertheless
we are able to prove that the terminal T -sequence converges at ω + ω. Again
we need to use the fact that fω+1ω is split monic, and thus yields a coalgebra
structure on Aω.
Proposition 4.1 [6, Thm 1.2] Let (B, b) be a T -coalgebra, then we can “ex-
tend” (B, b) to cone (hα : B → Aα) over the terminal T -sequence such that
fα+1α · T (hα) · b = hα.
Proof. (Sketch) For a limit ordinal λ: deﬁne hλ by f
λ
β · hλ = hβ for β < λ.
For a successor ordinal β + 1: deﬁne hβ+1 = T (hβ) · b. Veriﬁcation that this
construction has the desired properties is found in [6]. ✷
B
b 

T (B)
T (b)


T 2(B) 

...
A0 A1f10
 A2f21
 ...
(1)
Since any T -coalgebra generates a cone over the terminal T -sequence {Aα, fαβ }
we have that Aα is non-empty for each α; thus we may choose a left inverse
l : Aω → Aω+1 to the injection fω+1ω . Extend the T -coalgebra (Aω, l) to
a cone (uα : Aω → Aα) over the terminal T -sequence, and factor the ω-
th projection uω as a surjection q followed by an injection i. T preserves
injections with non-empty domain as they are split. As Barr noticed [5], the
preservation of surjections by T follows from its ω-accessibility , in particular
we don’t need to appeal to the axiom of choice here. By the uniqueness of
epi-mono factorisations in Set we have that there is an isomorphism g making
the diagram below commute.
Aω
l 
q

Aω+1
T (q)

G
g

i

T (G)
T (i)

Aω Aω+1
fω+1ω

(2)
Proposition 4.2 The T -coalgebra (G, g) is weakly terminal.
Proof. Clearly it will suﬃce to show that (Aω, l) is weakly terminal. Let
(E, e) be a T -coalgebra. (E, e) extends to a cone (vα : E → Aα) such that
vω = f
ω+1
ω ·T (vω) ·e. It follows that l ·vω = T (vω) ·e, that is vω is a T -coalgebra
morphism from (E, e) to (Aω, l). ✷
Proposition 4.3 The T -coalgebra (G, g) is terminal.
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Proof. Suppose h, k : (E, e)→ (G, g). (E, e) extends to a cone (vα : E → Aα)
over the terminal T -sequence; we claim that, for all n < ω, fωn · i · h = vn =
fωn · i · k. Clearly this holds for n = 0. The inductive case is
fωn+1 · i · h= fωn+1 · i · g−1 · T (h) · e
= fωn+1 · fω+1ω · T (i) · T (h) · e
= fω+1n+1 · T (i · h) · e
=T (fωn · i · h) · e
=T (vn) · e
= vn+1
It follows that i · h = i · k, and thence that h = k. ✷
Remark 4.4 We have obtained a terminal T -coalgebra as the inverse of the
subalgebra (G, g−1) of the T -algebra (Aω, fω+1ω ). Taking G above to be a subset
of Aω, it is not diﬃcult to prove that a ∈ G iﬀ there is a T -coalgebra (E, e)
such that a lies in the image of vω, where (vα : E → Aα) is the cone generated
by (E, e).
Proposition 4.5 Let uω = i · q : Aω → Aω be as in diagram (2), then uω ·
fω+ωω = f
ω+ω
ω .
Proof. We show by induction on n that
(∀n < ω)(∀k < ω) T k(un) · fω+ωω+k = fω+ωn+k
Case n = 0: clearly u0 = f
ω
0 , so T
k(u0) · fω+ωω+k = fω+kk · fω+ωω+k = fω+ωk .
Inductive case:
T k(un+1) · fω+ωω+k =T k(T (un) · l) · fω+ωω+k
=T k(T (un) · l) · fω+k+1ω+k · fω+ωω+k+1
=T k(T (un) · l · fω+1ω ) · fω+ωω+k+1
=T k+1(un) · fω+ωω+k+1
= fω+ωn+1+k
To prove that uω · fω+ωω = fω+ωω it suﬃces to show that for each n < ω,
fωn · uω · fω+ωω = fωn · fω+ωω , i.e. that un · fω+ωω = fω+ωn ; but this equality is a
special case, with k = 0, of what we just proved. ✷
Theorem 4.6 Let T be an ω-accessible endofunctor on Set with terminal se-
quence {Aα, fαβ }; then fω+ω+1ω+ω is an isomorphism.
Proof. Let q, i be as in (2), i.e. i · q = uω : Aω → Aω. The terminal T -
coalgebra (G, g), as constructed in proposition 4.3, extends to a cone (vα :
G → Aα) over the terminal T -sequence. By deﬁnition of this cone the top
square in diagram (3) commutes. The bottom square is just the bottom square
of diagram (2), and so also commutes. The rectangle composed of the lower
two squares commutes by an application of the proposition above; thus the
middle square commutes as T (i) is injective. Recall that as soon as fω+1ω is
8
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injective then fω+n+1ω+n is injective for all n < ω. The projections from the limit
of decreasing ω-sequence are injective; thus in particular fω+ωω is injective. The
map q · fω+ωω is injective as its composition with i gives an injective map. By
ﬁnality of (G, g) we have that q · fω+ωω · vω+ω is the identity, so q · fω+ωω is also
surjective and hence an isomorphism of sets. The statement of the theorem
now follows. ✷
G
g

vω+ω

T (G)
T (vω+ω)

Aω+ω
q·fω+ωω

Aω+ω+1
T (q·fω+ωω )

G
g

i

T (G)
T (i)

Aω Aω+1
fω+1ω

(3)
Without too much eﬀort we can extend this result to functors which may be
neither ω-accessible nor ω-continuous; for example ℘(−)A, where A is inﬁnite.
First we recall the following simple proposition which says that coproducts
commute with ω-limits in Set.
Proposition 4.7 Suppose we have a family of ω-limit chains in Set
Xi1 ← Xi2 ← ...← Xin ← Xin+1 ← ...← Xiω
indexed over i ∈ I, then
∐
Xi1 ←
∐
Xi2 ← ...←
∐
Xin ←
∐
Xin+1 ← ...←
∐
Xiω
is also a limit chain.
Theorem 4.8 The class of endofunctors on Set such that the arrow fω+1ω in
their terminal sequence is injective is closed under:
1 ω-accessible functors,
2 ω-continuous functors,
3 Composition of functors,
4 Arbitrary coproducts,
5 Arbitrary Limits.
Proof. Consider the following property of an endofunctor T : for all ω-limits
B0 ← B1 ← ... ← Bn ← ... ← Bω, with Bω non-empty, the canonical map
Limn<ωT (Bn) ← T (Bω) is injective. We prove that this property is closed
under [1-5] above.
Closure under 2 is trivial, whilst closure under 1 was shown in the previous
section. Closure under 4 holds by proposition 4.7, and the fact that in Set, as
in any topos, coproducts preserve monics. For 3 suppose S, T : Set → Set, and
assume the property in question holds of S and T . Either T is the constant ∅
9
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functor, in which case ST is constant, or T (X) = ∅ for X = ∅, in which case
the composition
Limn<ωST (Bn)← S(Limn<ωT (Bn))← ST (Bω)
is injective as S preserves injectives with non-empty domain. Finally suppose
T ∼= LimC∈CTC , then T (Bω) ∼= LimC∈CTC(Bω) and
Limn<ωT (Bn) ∼= Limn<ωLimC∈CTC(Bn) ∼= LimC∈CLimn<ωTC(Bn)
By assumption, for each C ∈ C, the canonical map Limn<ωTC(Bn)← TC(Bω)
is injective, moreover the functor LimC∈C(−) preserves monics as it is a right
adjoint, so Limn<ωT (Bn)← T (Bω) is injective.
The theorem now holds since an endofunctor on Set is either the constant
∅, or each set in its terminal sequence is non-empty. ✷
Corollary 4.9 The class of endofunctors on Set whose terminal sequences
converge in at most ω + ω steps is closed under [1-5] in theorem 4.8.
5 Set Based and Metric Final Coalgebras
For T an endofunctor on Set, the set Aω in the terminal T -sequence has
a natural topology as an ω-limit of discrete spaces; in fact it is an ultra-
metric space, with distance d(0x, 0y) = inf{2−n | xn = yn}. Barr observed that,
as a consequence of this, for an ω-accessible and ω-continuous T , such that
T (∅) = ∅, the terminal T -coalgebra is the Cauchy completion of the initial
T -algebra. From theorem 4.8 we observe that, assuming only ω-accessibility
of T , we may still deﬁne a natural (subspace) topology, arising from an ultra-
metric, on the terminal T -coalgebra.
Intuitively If T is built up from a combination of polynomial functors, ℘
and D (the probabilistic version of ℘, deﬁned below), then there is a “cor-
responding” functor on the category Cums of complete ultra-metric spaces.
For instance we might think of the compact metric power-domain functor as
corresponding to ℘. The corresponding functor on Cums will have a unique
ﬁxed point which is both an initial algebra and terminal coalgebra [15]. This
suggests that we investigate the relationship between these two ultra-metric
spaces – the terminal T -coalgebra and the unique ﬁxed point of the correspond-
ing functor on Cums. We do not attempt a systematic analysis of this question
but we consider one example, a functor for probabilistic non-determinism on
Set and the corresponding functor on Cums. Full details of these two functors
can be found in [16].
A simple probability distribution on a set X is a function µ : X → [0, 1]
with ﬁnite support, such that µ[X] = 1, where for E ⊆ X, µ[E] = Σx∈Eµ(x).
Let D : Set → Set be deﬁned by: D(X) is the set of simple probability
distributions on X, and for f : X → Y , D(f)(µ)(y) = µ[f−1(y)]. Then D
preserves ω-ﬁltered colimits, so the terminal sequence of D stabilizes in ω+ω
steps.
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For a complete ultra-metric space X write O(X) for the set of open subsets
of X, and B(x) for the open ball around x ∈ X of radius 2. We say that
a Borel measure µ on X has compact support if there exists a compact set
K ⊆ X such that for all U ∈ O(X), U ∩K = ∅ implies µ(U) = 0. Let M(X)
denote the set of Borel probability measures on X with compact support. For
2 > 0 put O = {O ∈ O(X) | ∀x ∈ O : B(x) ⊆ O}. Let the metric d on
M(X), induced by d on X, be given by
d(µ, ρ) = inf{2 > 0 | ∀O ∈ O : µ(O) = ρ(O)}.
Then (M(X), d) is a complete ultra-metric space. We have an inclusion of
sets D(X) ⊆ M(X), where for µ ∈ D(X) and O ∈ O(X), µ(O) def= µ[O]. In
this way we may regard D(X) as an ultra-metric space.
Suppose {Aα, fαβ } is the terminal sequence of the functor D + 1 on Set.
We will show that Aω (with its metric) is the unique ﬁxed point of the functor
M(.)/2+1, where (.)/2 is the functor which leaves the underlying set a metric
space unchanged but halves distances between points.
Suppose µ, ρ ∈ D(Aω), then
d(fω+1ω (µ), f
ω+1
ω (ρ))= inf{2−n | fω+1n (µ) = fω+1n (ρ)}
= inf{2−(n+1) | fω+1n+1 (µ) = fω+1n+1 (ρ)}
= inf{2−(n+1) | D(fωn )(µ) = D(fωn )(ρ)}
= inf{2−(n+1) | ∀x ∈ An : µ[(fωn )−1(x)] = ρ[(fωn )−1(x)]}
= inf{2−(n+1) | ∀O ∈ O2−n : µ[O] = ρ[O]}
= 1
2
d(µ, ρ).
It follows that fω+1ω is an isometric embedding of D(Aω)/2 + 1 into Aω.
From the result of Barr [5, Thm 3.2] described above it follows that there
is a canonical map which embeds the ω-th object in the initial sequence of
D + 1 (the initial algebra) as a dense subspace of Aω. It is a routine diagram
chase to show that this map factors through fω+1ω , and hence that the image
of fω+1ω is dense in Aω. Since D(Aω) is dense in M(Aω) by the lemma below,
we have an isometry between Aω and M(Aω)/2 + 1.
Lemma 5.1 Let X be a complete ultra-metric space, then D(X) is a dense
subspace of M(X).
Proof. Let µ be a Borel measure on X, and K a compact set such that µ
vanishes outside K. Given 2 > 0 we produce a simple distribution ρ on X
such that d(µ, ρ) ≤ 2.
Let K ′ = {x1, ..., xm} ⊆ K be a ﬁnite set such that {B(x) | x ∈ K ′}
covers K. For 1 ≤ j ≤ m let
Yj = B(xj) \
⋃
k<j
B(xk).
Each Yj is an open set since open balls are also closed in ultra-metric spaces;
moreover the Yj are pairwise disjoint and cover K. We deﬁne the simple
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probability distribution ρ by support(ρ) = {x1, ..., xm} and ρ(xj) = µ(Yj) for
1 ≤ j ≤ m.
If O ∈ O then each Yj is either a subset of O or doesn’t meet O, so
µ(O) =
∑
Yj⊆O
µ(Yj) =
∑
Yj⊆O
ρ[Yj] = ρ(O).
Thus d(µ, ρ) ≤ 2.
One could replay the proof above to show that the ω-th object in the
terminal sequence of ℘ is the unique ﬁxed point of the compact power-domain
functor on Cums. The basic point is that the (terminal) set theoretic solution
of some domain equation is obtained as a subspace of the corresponding metric
solution. The next example suggest that we can think of the set based solution
as being obtained by “pruning” the metric solution.
6 Worked Example
In this section we sketch an application of the terminal coalgebra construction
from the proof of theorem 4.6 to the case of the ﬁnite power-set functor ℘.
This example is rather well-worn owing to its links with concurrency and
non-well-founded sets, however it illustrates well why one has convergence at
ω+ω for ﬁnitary functors. The terminal coalgebra of ℘ is usually constructed
by quotienting by bisimulation a weakly terminal coalgebra consisting of a
set of ﬁnitely branching trees. Below we deﬁne the carrier of the terminal
coalgebra to be a set of strongly extensional trees(c.f. [8]). This more concrete
representation is invaluable in deﬁning products and the sub-object classiﬁer
in the category of ℘-coalgebras.
For our purposes a tree is a partially ordered set with a least element,
the root, and such that the set of predecessors of each element is ﬁnite and
well-ordered. We restrict our attention to ﬁnitely branching trees and consider
them up to isomorphism.
A tree is called extensional if for any two children x and y of any node, if
the subtrees rooted at x and y are isomorphic, then x = y. Given a tree t of
ﬁnite depth n we can compute an extensional tree, the extensional collapse of
t, written e(t) as follows. First identify any two sibling nodes x, y at level n
in t if the respective subtrees rooted at x and y are isomorphic, perform the
same operation on the level n − 1 nodes of the resultant tree, and continue
until the top of the tree is reached.
There is an obvious function – truncation to depth n – taking a tree t to
a tree t
n with depth at most n. Given a compatible sequence of trees 0t, that
is such that tn+1 n= tn for all n ∈ ω, there exists a unique tree t such that
t n= tn. For each n ∈ ω we also consider an operation which takes a tree t
and returns the extensional collapse of tn – written t |n.
Let {Aα, fαβ } be the terminal sequence of ℘. It is straightforward to verify
by induction on n ∈ ω that each element of ℘n(1) determines, and is deter-
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mined by, an extensional tree of depth at most n, and that the projection fn+1n
is the operation (.) |n. For example the set {∅, {∗}} ∈ ℘2(1) is pictured by the
tree:
•




• •
•
(4)
In this way we regard Aω as consisting of sequences 0x of extensional trees
such that xn+1 |n= xn. An element of Aω+1 ⊆ Aω is a sequence of trees 0x,
such that there is a bound N0 on the number of children of the root node of
each tree xn as n runs through ω. An element of Aω+ω = ∩n<ωAω+n ⊆ Aω is
a sequence of trees 0x, such that for each k ∈ ω, there exists Nk, such that any
depth k nodes of any tree xn have at most Nk children. Next we show how to
represent elements of Aω+ω as single trees.
Let us say that a tree t, possibly of inﬁnite depth, is strongly extensional
if
(∀n ∈ ω)(∃m ≥ n) tn= (t |m)n .
Writing T for the set of strongly extensional trees we have a function
φ : T → Aω+ω given by
φ(t) = (t |n)n<ω.
We also deﬁne a function ψ : Aω+ω → T “which pastes sequences of trees
together”. Note that for 0x ∈ Aω+ω we have
(∀k ∈ ω)(∃Mk ≥ k) such that (∀n,m ≥Mk) xn k= xm k
This is because, although for any n the tree xn+1 k may be wider than xn k,
the bounds on the width of the branching of the trees xn up to depth k ensure
that eventually this process of widening stops. Thus we may deﬁne ψ(0x) by
ψ(0x)k= xMk k .
The tree ψ(0x) is strongly extensional since
ψ(0x)k= xMk k= e(xMMk Mk)k= ψ(0x) |Mkk
Now φ and ψ are mutually inverse. We have φ · ψ = 1 since
(φψ(0x))n = ψ(0x) |n= e(ψ(0x)n) = e(xMn n) = xn
and ψ · φ = 1 since
(ψφ(t))k= ψ(t |0, t |1, ...)k= t |Mkk= tk
- the ﬁnal equality holding by strong extensionality of t.
T has an obvious coalgebra structure mapping a tree t to the set of subtrees
rooted at the children of the root node of t. With this structure the maps φ
and ψ are coalgebra isomorphisms.
Barr [5] points out that ℘ is pointwise a retract of T (X) = Σn<ωX
n, and
shows from this that a certain quotient of the terminal T -coalgebra can be
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given the structure of a weakly terminal ℘-coalgebra. Thus he obtains a weakly
terminal ℘-coalgebra whose carrier consists of ﬁnitely branching extensional
trees. He then deﬁnes a equivalence relation on these trees and the set of
equivalence classes becomes a terminal ℘-coalgebra. The strongly extensional
trees above are representatives of these equivalence classes.
7 Conclusions and Future Work
We have considered the behaviour of the terminal sequence of an accessible
endofunctor on a locally presentable category. In particular we observed that
for ﬁnitary set functors we get convergence at ω+ω. This proof did not extend
to κ-accessible set functors, that is, we could not prove convergence at κ+ ω.
We have also looked at connections between ﬁnal semantics in Set and
metric semantics. This has been considered by many researchers, indeed quite
early on Abramsky perceived the need for a general theory to understand this
situation [1]. To the best of our knowledge no such theory has been devel-
oped. In contrast the striking similarities between metric and order theoretic
semantics have led to a uniﬁcation via enriched categories.
Along the same lines as the connection with metric semantics we observe
that the iterative construction of terminal coalgebras for ﬁnitary set functors
makes clear a logical aspect to ﬁnal semantics in Set(c.f. [1]). If A0 ← A1 ←
... ← Aω is an ω-limit in Set, then topologizing Aω as the limit of discrete
spaces we get an ω-limit in the category of Stone spaces. Passing this limit
through the duality between the category of Stone spaces and the category of
Boolean algebras we get a colimit construction in the latter. For T a ﬁnitary
endofunctor on Set, we can think of the Boolean algebra corresponding to
the object Aω in the terminal T -sequence as being the Lindenbaum algebra
generated by propositonal theory corresponding to T .
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